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Optimal Updating of INS Using Sighting Devices

Itzhack Y. Bar-Itzhack*
Technion — Israel Institute of Technology, Haifa, Israel

A low-accuracy inexpensive Intertial Navigation System (INS), which is mounted on board a moving vehicle,
is updated using information from an onboard sighting device (SD). Two updating modes are considered. The
first mode utilizes the deviation of landmarks from their INS-computed location in the field of view of the SD.
The second mode utilizes the deviation of the angular rate of the SD, when locked on landmarks, from its INS-
computed value. A suboptimal extended Kalman filter is designed for this system. The observation equations are
developed and linearized for both updating modes. A covariance analysis is performed and results of computer

runs are displayed and analyzed.

I. Introduction

N the absence of other suitable navigational aids, an in-

tertial navigation system (INS) of some kind has to be used
on board flight vehicles whose accuracy is an important
factor. An unfortunate feature of an INS is its error
divergence with time. This disadvantage may be overcome by
either using a highly accurate INS or by periodically updating
an inaccurate INS if updating is a viable option. The latter is
certainly a more desirable choice, since an accurate INS is a
costly system. This consideration is particularly important in
relatively inexpensive vehicles.

A well-known approach is to fly over an identifiable object
and update the INS when passing directly overhead. The
updating method analyzed in this work allows the vehicle to
keep its course. Therefore, the measured guantities used for
updating are angular quantities. A convenient updating mode
can be used in vehicles which carry a sighting device (SD) like
radar or optical devices. There is a relationship between the
position of a landmark in the field of view relative to the line
of sight (LOS) of the SD, after the latter is aimed at the
assumed position of the landmark, and the INS error. This
relationship can be used for an optimal estimation of the INS
errors and of the values of its error sources.

Another updating mode is to lock the LOS on a landmark
whose location is either known or estimated, measure yaw and
pitch rates of the SD, and then compare them to the
corresponding INS-computed rates. The difference between
the corresponding angular rates is related to the INS error.
This relationship can be used, too, to estimate the INS errors
and the values of its error sources.

INS updating using LOS and either star or landmark
sighting information in some fashion has been investigated, to
a certain extent, in the literature in the past.!* The present
study presents a detailed covariance analysis where the
estimated INS errors and error sources are propagated and
updated using the extended Kalman filter.

II. Linearized Observation Equations
Mode I: Errors in the Field of View

Consider Fig. 1 where the / system denotes the local-level
local-north coordinate system, not shown in Fig. 1, whose x
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axis coincides with the LOS in the SD. When the vehicle
cruises between landmarks the s coordinate system coincides
with the / system and when the vehicle reaches the vicinity of a
landmark the computer computes two Euler angles which are
the azimuth and the depression angles at which the s system
has to be rotated away from the & system such that the x axis
of the s system (the LOS) will point at the landmark. When
the INS is error-free these angles are correctly computed as 3,
and o, and the s coordinate system of the SD is rotated
correctly into the s, coordinate system whose x axis does
indeed point at the landmark. Then

rio=1[1Fl, 0, 0] H

where r,, is a column vector whose elements are, respectively,
the x, y, and z components of 7 when resolved in the s,
coordinate system.

In reality the INS computes an erroneous position P, and
hence the computed Euler angles are 8. and «,, respectively.
Moreover, the platform coordinate system p does not coincide
with the / system, and since the p system is mistaken by the
hardware for the / system, it turns the SD away from the p
rather than from the / system. In conclusion, the SD is turned
away erroneously from the p system by the two erroneous
Euler angles 8, and «.. This brings the coordinate system of
the SD into coincidence with the Cartesian coordinate system
s,. The transformation matrix from the / to the s, system D/,
can be computed as follows:

D!, =D,D), @

where D;, is the transformation matrix from the / to the p
system and is expressed in terms of the platform misalignment
angles as follows

1 d)z —¢y
Dy=| -6, 1 & 3)
¢, by 1
where
¢, =¥, —Ay/ (Rp+H) (4a)
¢, =y, +Ax/ (Ry+H) (4b)
and
¢, =V, [Ay/(Rg+ H) Jtank (4c)
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Fig. 1 The relative position P of the vehicle with respect to its
computed position P, and to the landmark L.

Az,

Fig. 2 The relative position
‘y LS of the landmark L with

se respect to the LOS in the
‘‘image plane.”’

where A is the latitude angle, Ry is the eastbound radius of
curvature of the Earth, Ry is the northbound radius of
curvature of the Earth, and H is the altitude of the vehicle.
The matrix D%, is a function of 3. and e, and from Fig. 1 and
from the definition of D¥, it is obvious that

CB. - Ca, S8, Ca, —Sa,
D2 =D(B.,a.)= -8B, Ca. 0
CB, - Sa, SB. - Sa, Co,

&)

where S denotes the sine function and C the consine function.
When 7 is now resolved in the s coordinate system and
arranged in a column vector the following expression is
obtained

rie = [Tyse W, h] (6)

As illustrated in Fig. 2, w and & are the coordinates of the
landmark in the ‘‘image plane.”” They constitute the ob-
servation vector which reflects on the INS error and on the
pointing error which stems from the inaccuracy of the
pointing system of the SD. It should be noted that when all of
the errors vanish, both w and A are zero as indicated in Eq.
(1). This does not include the SD errors which are of
stochastic nature and will be added later as observation noise.

Next, the measurement matrix H, which relates w and &
with the INS errors, is developed. As seen in Eq. (6), the
quantities w and 4 are embedded in r,, which is related to r,
through

rsc‘:Dch;;r/ (7

where from Fig. |

{ X, —Xg
r= Yi—Yo ®)
L L= 2
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From Eq. (3)
D, =1-[¢] ®

where [ is the identity matrix and

1' 0 -¢, 9,
[¢]= o, 0 -0, (10)
i\—d’y @ 0

As indicated by Eq. (5), D%, is a function of 8, and «, only; it
can be expanded into a Taylor series about 8, and «,.
Truncation of this series to exclude second- and higher-order
terms yields

D% =D(B.a.) =D (B, +AB,ap+ Acx)

aD aD
zD(Bo:"‘o) + =

3B Bo-aoAB+5; B Bt (11)
Denote
Da=@ Bg.a (122)
ap |Po=o
and
a=%§ 8g.a9 (12b)
then Eq. (11) can be written as
D% =D(B.,a.) =D(By,xp) + DsgAa+ D, A 13)

Substitution of Eqgs. (9) and (13) into Eq. (7) yields

roe=[D(Bg,p) + DgAB+ D Aa] (I~ [d])r, (i4)

which, after expansion and omission of second-order terms,
becomes

ro =D(Bg,ap)r +DgriAB+ D, riAa —D(By,a0) [¢]r, (15)

The first term on the right-hand side of Eq. (15) is the error-
free term, that is

D(Bg,cg)ri=rg (16)
and from Eq. (1), the second and third components of ry, are
zero, as expected. Therefore the second and third terms in the
column vector ér defined by

dr=r—D(Bg,ap)r a7n

are w and A, respectively. This can be verified by inspection of
Eq. (6). Combining Egs. (15) and (17) yields

5r=D5r/AB+Dar,Aa—D(Bo,a0)[d)]r, (18)
In order to obtain the expression for w and 4 as a function of

the INS errors, the right-hand side of Eq. (18) is now
developed. From Fig. 1 it is realized that

Bo=tan "' (y, —yo)/ (X, ~Xg) (19)
and that

a0=tan41(ZL—Zo)/d0 (20)
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where
do=1[(x; =x0) 2+ (. —¥p) 21" @21

Differentiation of 8, and «, yields

AB=B,Ax+8,Ay (22)
where

Be=8(280)/2(x, —x) (23a)
By==C?By/(x; —xy) (23b)
Aa=a, Ax+a,Ay+a, Az 24

in which
a,=(29—2.) (X, —xp)C?ay/d} (25a)
oy =(20—2.) (¥, =¥5) CPy/d} (25b)
a,=C%qy/d, (250

Denote the column vector which contains the bottom two
elements of the column vector [-] by [-],; then from the
form of Eq. (5) and using Eqs. (8, 19 and 20) it can be shown

that
dﬁ
[Dgr/],= ! (26)
0 -
where
d5,=—cﬁo'(XL ~Xp) =SB (¥ —Yo) 27
It can be also shown that
o
[Dr],= L (28)
d,
2 -
where
dmz =CBy-Coy- (X, —Xg)
+88- Cotg (¥ —¥o) —Setg- (21— 2p) 29)

Equations (5) and (10) yield

. dy dp; dg
—[D(ao;ﬁo)[qf’]"/]z: é (30)

dZ] d22 d23 _

where, using Egs. (8, 19 and 20) it is found that

d;=CBy- (2, —29) (31a)
d;;=8B¢ (2. —2p) (31b)
di3=—[CBp- (xy —x9) + 5B (¥, ~¥5)1=dB, (Blo)
dy; =8B Sy (2, —29) = Coy- (¥, ~ 1) 31d)
dypy=Coay- (x; —xp) —CBy- Sy (2, —2p) (31e)
dy;=0 31f)

and ¢ is a column vector whose elements are given by Eq. (4).
Now, after substituting Eq. (4) into Eq. (30), the following is
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obtained:

= [D(ag.B0) [S]r,],=

d 1
2 iH— R (Qu+ds-tanh) 0dy dp, dis w Ar
N E
m—mdz/ 0dy, dy;, 0 JLI& '
(32)
The combination of Egs. (22) and (26) yields
ds B,  ds B 0
[Dgr(1,08=| " Ar (33)
0 0 0

and that of Egs. (24) and (28) yields

0 0 0
Ar 34
do,o,  dy,ap

where Ar’ = [Ax,Ay,Az]. Finally, the substitution of Egs. (32-
35) into Eq. (18) and the addition of the observation noise
vector v,, which contains the SD error, yields

HATIT M

[Dyr) 0= [

dy, o

where
H,=H,+H,; : (36a)
dg, B dg,B, 0
H,= (36b)
do,ay  doya, dy,on
d 1
2 _(d,,+d;-tan\) 0
H,= Ry+H Ry+H (36¢)
d 1
_fa2 — _——dZI 0
Ry+H Ry+H
dy dpp dg
Hy= (36d)
dy  dy 0

It is assumed that v, is a zero mean white noise.
Another alternative is to express w and 4 as angular errors.
To meet this end, Eq. (36) is divided by r= |7 which yields

[ . }1 [HIHM A: ]*” an

Y =W/r Yy =h/r (38)

where

v, and vy, are the angular errors which correspond to w and 4,
respectively. Note that due to the smallness of w and & with
respect to r, v,, and vy, are considered to be angles in radians
rather than tangents of these angles. The observation error
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vector n is now a vector of angular measurement errors.
Another variant of this observation method is to lock the LOS
on the landmark-and measure the angles —vy, and —v,, at
which the LOS has to be rotated about the z,, and the y,, axes,
respectively, in order to shift the LOS to point L (see Fig. 2).
Once the LOS is locked on the landmark another observation
option exists as follows.

Mode H: Angular Tracking-Rate Error

Another way of using a landmark to update the INS is to
lock the LOS on it, measure the yaw and pitch rates of the SD
and subtract them from the corresponding INS-computed
angular rates. The difference is a function of the INS errors.
Linearizing this function and adding the observation noise
yield the linear observation equation. This equation is derived
next.

Note that Eq. (37) expresses the angular displacement error
in the s, coordinate system of the SD; hence differentiation of
Eq. (37), less the noise vector n, with respect to time yields the
desired linear relation between the INS errors and the angular
tracking-rate error in the SD coordinate system as follows

'yz N 1 Vv . V, X
Aw:[ ':[-H,——CH, ‘H, H,— —H, m][ ‘ }

4 r r r

Yy _ 14

(39a)
where r=Irl,
xt=1[Ar', Ar, ¢'] (39b)
and
Vv, =dr/dt (39¢)

The matrices A, and H, are derived from Eq. (36). Define
H,,, H,;, Hy;, and H,, as follows:

ds B, ds,B 0
H21=[ ! .l g 1 40)
azax dazay dazaz -
d; B, dg 8 0 (41
H22= [ g . o .y . :]
o) a.\’ daz ay da2 az
d, 1 ( . N )
_ d) +djtanh+d,;; —= ) 0
Hy=| Rv+H — Rpra T OART ooy
oy 0
Ry+H Ry+H
42)
d;b, —(d;; +d;;tan\) b, 0
H,,= (43)
dzzbj —dz1b2 O_
where
by=—(Ry+V,)/(Ry+H)? (44a)
bzz-(RE""Vz)/(RE'*'H)z (44b)
Rg=R,e sin(2\) X (45a)
Ry=3R, (45b)

A=V, /(Ry+H) (45¢)
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and where R, is the radius of the Earth at the Equator and e is
its ellipticity.

The time derivatives introduced in Eqs. (40-42) -are
evaluated in Appendix A. Now, from Eq. (36) it is realized
that .

Hy=H, +H,,+H; +Hj, (46)
and from Eq. (36d),

{dll d]z d].?—
H4 =

. . 47
dy dp 0]

The time derivatives in Eq. (47) are evaluated in Appendix A.
Adding the observation noise vector v,, the observation
equation for this mode is obtained as follows

Aw—é[l"h—%l‘l/ H, H4——I:~'H4 H4] [J: + v,
(48)

It is well known > that
AF=AV—p X Ar (49)

where p is the vector of angular velocity at which the local-
level local-north coordinate system rotates with respect to a
Cartesian coordinate system fixed to the Earth. Using the
following notation :

0 ~P: Py
[pl=1| »p; 0 —p, (50)
— Py Px 0

Eq. (49) can be written as
Ar=AV—[p]Ar (&3]

and then Eq. (48) can be written as

1

v, .,
so==|#,= = H,~H, (6] |1, [F, - = H,
r r r

3

[ * ]+v2 (52a)
¥

where

H,

xb=[Ar!, AV, ¢¥'] (52b)

Finally, if the measured angular velocities are those of the SD
gimbals (viz., 8 and &) then Eq. (52a) can be adjusted ac-
cordingly using the relations

¥, =cosa-AfB (53a)
i, =Ad (53b)

III. INS Linear Error Propagation Model

The INS linearized differential equations, which describe
the propagation of the system error, are well documented. >’
In this work the following version is used:

AF=AV~pxAr (54a)
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AV=—(20+p) XAV+Ag—yXd+V (54b)
V=—(Q+p)xy+é (54¢)

where Q is the Earth rate vector, Ag is the gravity error vector,
a is the sensed specific force vector, ¥ is a vector of ac-
celerometer errors, and € is a vector of gyro drift rates. Using
the matrix notation for a vector cross product {see Eq. (50)],
Eq. (54) can be written as

X2=Bx2+w - (55)
where
- o] 1 0
B= G ~[2Q+p] - [a] (56)
0 0 —[Q+p]
-1 0 0
_ 8.R:
= —(R8+H)3 1 0 57)
0 0 +2
and
W' =10,0,0,V,,V,V 60,66, ] (58)

The subscript e in Eq. (57) denotes the fact that g and R are,
respectively, the gravity and the radius of the Earth computed
on an elliptical Earth model and correspond to the geographic
location of the vehicle.

For the accuracy required in this work it is sufficient to
model the accelerometer error vector as a sum of a vector of
random constants and a vector of random zero mean white
noise signals. The same model is assumed also for the gyro
drifts, hence

V=V,+wy (59a)
e=¢ey+ W, (59b)
Vo=0 (60a)
ép=0 (60b)

where v, and ¢, are, obviously, the constant vectors and w,
and w, are the zero mean white noise vectors.

Augmentation of Eqgs. (55, 59, and 60) yields the INS error
propagation model

x=Ax+w 61)
where

x'=[Ax,Ay,Az,AV A Vy,AVz,xlzijx),,\J/:,

VxO: Vyo» Vz()’ €x0s€y05€20 (62)
— L0 !0 -
B v I 10
A= 10T (63)
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and
w =1[0,0,0,Wq,, Wo,, W W, Wy W,,0,0,0,0,0,0]  (64)

The vector w contains only zero mean white noise processes
uncorrelated with one another.

IV. Filter Formulation

The preceeding developments indicate that the basic INS
error propagation model as well as the observation model are
nonlinear. However, the linearized models lend themselves to
the application of the extended Kalman filter algorithm for
estimating the INS errors and error sources, based on the
observation modes discussed heretofore. The extended
Kalman filter has been well documented®® and will not be
outlined here, only the most relevant equations will be listed.
It should be noted that on board the vehicle the linearization is
performed about the best available estimate of the trajec-
tory.®!% In this study, however, the analysis is based on
covariance matrix propagation and update. Therefore the
state itself is not estimated and, hence, the nominal trajectory
rather than the best estimate of the actual trajectory is used in
the linearization.3

For the first observation mode the covariance analysis is
based on the following algorithm?:

Between Observations:

P (=)=0 P (+)®}+ QO (65a)

Prp(+)=Ppy () (65b)

where ®, is the transition matrix from the time point ¢, to
t, ., based on 4 of Eq. (63) and Q, is the discrete-time value
of the covariance matrix of the white noise vector w given in
Eq. (64). To find Q,, define the diagonal matrix Q as

2 2 2 2
T Ths 0, 0%,50,0,0,0,0,0]

(65¢)

—di 2 2
Q—dlag[O,O,O,owVX,a

wegy?

Now divide the interval (#,,7;, ;) into N equal steps of length
Atandlet 4;=A (1, +iAt). Then following equations (8.3-24)
in Ref. 9, the value for Q, is given by

0, =NQA! + <NZ_:II'F,> QAL + QAL (Nf‘_,]iF;) (65d)
' i=1

i=1

Across an Observation:
Use Eq. (65a) to compute P, ., (— ), and then compute

P (+)= =Ky 1 Hy o (1P (=) (T =Ky 1 Hiy 17
+Kk+le+lK§(+l (66)

where

Kivi =Py (=)YHy 1Hyi Py (= YH +Rk+l](_617
)

H, ., isthe 2 X 15 matrix
H,,,=[H, IOlH4'0]"'|0]k+1 (68)

in which H, and H,, which are given in Eq. (36), are
evaluated, for the nominal trajectory, at f,,;, and the 0
matrix is a 2 X 3 matrix of zeros. R, , is the covariance matrix
of the observation error vector v; of Eq. (35).

The observation equation of the second mode, i.e., for Eq.
(52), introduces some difficulty since § is not a part of the
state vector. This difficulty can be overcome as follows.
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Rewrite Eq. (52) as

1 1 .
A= [H5 ' ~H, Hé]x, +>Hob+o, (692)
where
If. v :
Hy=" | H= 20 by~ 1y 1] (©9b)
and
1r7. V.
Ho="[F,~ 2 H, | (69¢)
r ‘r

Now, using Eqgs. (54c) and (59b) it is obvious that
1 . 1 1 1
“Hyy=——H,[Q+ply+-Heg+-Hyw, (70)
r r r r

which, when substituted into Eq. (69a) yields

Aw =[H5

] 1 / !
~H, |Hs—~ H,[Q+p] |0|;H4]x + (W2 +— How,)

an

The last observation equation does not include a direct
dependence on y anymore; however, the observation noise in
this equation is now a linear combination of v, and w,, and
thus it is correlated with w, the white noise of the INS error-
propagation model. This case has been treated in the
literature. For example, Ref. 8 treats the discrete and the
continuous cases, Ref. 9 the continuous case, and Ref. 11
treats both cases. Define 9, as follows:

coviw,,, wéj } =Q6k Ok, (72)

where 6, ;=1 for k= and is zero otherwise. Then it can be
shown that

1 1
cov{wy, (v, + ~Hyw, )'}'= OIOIOI(—Q( HQ.)"O]ﬁk,j
N T r k5
(73)

which is a2 x 15 matrix.
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Following Ref. 8 the algorithm for this case is as follows.

Between observations define a 2 X 15 matrix
. 1 , 3
z;:[omlm(;k—gek | R; ) 10] (74)
then, if there is an observation update at &, use

Pr(=)=1¢ L H 3P (+) [0~ 2, H, ]!

+ QO —L R I (75)
Py (+)=Pey, (=) (76)
where
I i i
H,= [H5 “H, lH6—-H4[Q+p] IOI—H4] 77)
r r r e

and if there is no observation update at &, use Eq. (65). Across
an observation use Egs. (74) and (75) [or Eq. (65a) if there
was no observation update at k] tocompute P, (—), and
then use Egs. (66) and (67) to compute P, (+ ) where H,_,
is, of course, Eq. (77) evaluated at 7, ;.

V. Results of Covariance Analysis
The covariance matrix of the estimation error was
propagated, and updated at observations. The propagation
was carried out along a trajectory characterized by a cruising
speed of 300m/s and a cruising altitude of 3000 m. Ob-
servations were made, typically, at 5-min intervals. The
following 1o values of the initial errors were used:

Ax=200m Ay=200m Az=100m
AV, =0.1m/s AV,=0.1m/s AV, =0.1m/s

¥, =1.0arc-min ¥,=1.0arc-min  ,=3.0arc-min
YV, =100 ng V,, =100 pug V., =100 pg

€x, =2.04 deg/h €,, =2.04 deg/h ezz=2.04 deg/h
The 1o observation error was a 10-m horizontal and a 10-m
vertical error in the observation of the landmark in the
“‘image plane.”” Figure 3 displays the propagation of the
vertical and the horizontal position errors. The mode of
observation was the first one, namely, observation of errors in
the image plane. One update was made at each updating
point. At each such point the landmark was observed at an
azimuth of 22 deg from the vehicle heading. Figure 4 displays
the same, with the only difference that here the azimuth to the
observed landmark was, alternately, +22 deg from the
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vehicle heading. Still, one observation and hence one update
were made at each updating point. Figure 5 displays the
behavior of the misalignment error (which corresponds to Fig.
4) whereas Fig. 6 displays the corresponding behavior of the
gyro drift rates. The pitch gyro drift rate, not displayed in Fig.
6, behaves basically like the roll gyro drift rate. When two
updates, each using a different landmark, were made at each
updating point, that is, two updates at the end of each 5-min
interval, the performance of the hybrid system was
remarkably better, as expected.

Figure 7 displays the position error propagation when the
observation is of the second mode. The SD tracks a target at
5-s periods which are spaced in time 5 min apart. During the
5-s periods, 5 observations and updates are made, one at the
end of each second. The landmarks which are being tracked
are all at the same azimuth from the vehicle heading. Figure 8
displays the corresponding misalignment error propagation
and Fig. 9, the propagation of the corresponding gyro drift
rates.

VI. Conclusion
Two updating modes of a low-accuracy INS, utilizing
information obtained from a sighting device, were con-
sidered. The observation equations for the two modes were
developed and linearized. An extended Kalman filter was
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designed for both modes. It turns out that when rate in-
formation is observed, that is, when the second updating
mode is used, a part of the observation noise vector is
correlated with a part of the state-equation noise vector. This
fact adds some complexity to the filter algorithm.

A covariance analysis was carried out which verified the
efficiency of the hybrid system. It was found, as expected,
that the observability of the system was better, and hence the
error check was superior, when the observed landmarks were
on both sides of the trajectory and/or updates were per-
formed more frequently. The combination of the first and
second updating modes also reduced the INS errors. This fact,
however, is not the main quality of the second updating mode.
Its main advantage stems, rather, from the fact that when the
second mode is used to update the INS it is not necessary to
predetermine and later identify the landmarks observed by the
SD. It is sufficient to lock the LOS on a well-distinguished
landmark, and as long as the INS errors are not too large, the
measured azimuth and depression angles to the landmark
produce sufficient and accurate enough data for the Kalman
filter algorithm of this mode.

Finally, it should be pointed out that, formally, a Kalman
filter error analysis® should have been carried out to confirm
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the results and to verify that the 15-state INS error model is an
accurate enough representation of the ‘‘real world” INS
error. However, it was indicated in the past (see, for example,
Ref. 12) that for an aided INS, whose accuracy is similar to
that achieved in this work, a 15-state model is sufficient.
Appendix

The purpose of this appendix is to develop the expressions
for the time derivatives introduced in Eqgs. (40-42) and in Eq.
(47). Differentiation of Eq. (27) with respect to time yields

dm =SBy (x; —xg)Bo+CBy- V,—CBy (¥, —¥0)Bo+ 8By v,
(AD)
Similarly, from Eq. (29)
daz = =8B Cary- (x, =) By
—CBy-Sorg- (X1 —Xg) - ép
—CBo-Cag-Vy+CBo-Carg (¥, —¥5) - Bo
—8BoSatg- (¥ —Yo) - cty—SBo-Cay-V,
~Cop- (27, —2p) "G+ Say V., (A2)
The expression for §, is obtained from Eq. (22) as
Bo=BxV.+B,V, (A3)
and that for &, is obtained from Eq. (24) as
dgp=a,Vit+ta,V,+a ¥V,
To obtain 8, differentiate Eq. (23a), thus,

S(28,)

2(x; —x9)?

. C(2 .
5o COB) 4

(x; —Xg)

V, (A4)

and similarly, from Eq. (23b)

=S(260) . B,

= b0

x (AS)

XL —Xo

Now, from Eq. (25a)
(x, —xp)C?

(20—2.)C%ay v
d3

(XOV_
k4 X
dj

o, =
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(zg—2z.) (X — %) -S(2atg) |
(ZO_ZL) (XL_Xo)Czolo[(xL -Xo) Vx+ (yL __yo) Vy]
d;

+3
(A6)
from Eq. (25b)

= 073 —)’O)Czao V. _ (ZO—ZL)Cza() v
d : d3 y

(2o—2.) (V=) -S(Qeg) |
— pE G
(zp—z.) (¥, _}’O)Czao [(xp=x0) Vit (¥ —Vo) V_y]
d; (A7)

+3

and from Eq. (25¢)
&= — S(2ay) o+ Clay [ (x, —Xp) V;"‘ W=y V,1

Finally, from Eq. (31)

dllz_SBO'(ZL_ZO)'BO_CBO'VZ (A9)
d1zzcﬁo‘(ZL—Z())‘BO—SBO‘VZ (A10)
dy;=ds, (A11)

dy; =CBySety- (2, ~29) *Bo+ 5By~ Coy- (2, —29) -6y
—SBy-Sag-V,+ Sy (v, —¥o) -dig+Cay-V,  (Al2)

dzzz —8ag- (X, —Xg) -ctg—Cay- V,+S8y-Sap- (2, —29)

“Bo—CBo-Cap- (2, —329) " Gog+CBy-Sep- V,  (Al3)

This completes the development of the expressions for the
time derivatives introduced in Eqgs. (40-42) and in Eq. (47).
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